Previously, numerical evidence was presented of a self-intersecting Bézier curve having the unknot for its control polygon. This numerical demonstration resolved open questions in scientific visualization, but did not provide a formal proof of self-intersection. An example with a formal existence proof is given, even while the exact self-intersection point remains undetermined.
Introduction to Existence Condition for Self-intersection
The formal proof of an unknotted control polygon with a self-intersecting Bézier curve (See Definition 3.3.) appears in Theorem 8.2, but illustrative images are shown in Figure 1 . The progression, from left to right, shows 'snap shots' of a piecewise linear (PL) curve being continuously perturbed, generating new Bézier curves at each instant. The top-most point is the only one perturbed linearly. The initial (left) and final (right) Bézier curves are shown to have differing knot types, so there must be an intermediate Bézier curve with a self-intersection (In the middle image, a red dot approximates a neighborhood containing that intersection). Relevant definitions follow. The vertex in bold font is perturbed linearly to (10, −60, 58) to obtain the final PL knot, denoted by K 1 , with all other vertices remaining fixed. The perturbation generates uncountably many new control polygons and associated Bézier curves 1 . The Bézier curves corresponding to K 0 and K 1 are denoted by β 0 and β 1 , respectively. Both K 0 and K 1 were produced from visual experiments.
Mathematical Preliminaries
Some relevant mathematical definitions are summarized. Definition 3.1. A subspace of R 3 is called a knot [7] if it is homeomorphic to a circle.
Homeomorphism does not distinguish between different embeddings. The stronger equivalence by ambient isotopy distinguishes embeddings and is fundamental in knot theory. Definition 3.2. Let X and Y be two subspaces of R 3 . A continuous function
is an ambient isotopy between X and Y if H satisfies the following conditions:
1. H(·, 0) is the identity, 2. H(X, 1) = Y , and 3. ∀t ∈ [0, 1], H(·, t) is a homeomorphism from R 3 onto R 3 .
Definition 3.3. Denote C(t) as the parameterized Bézier curve of degree n with control points P m ∈ R 3 , defined by
where
The curve P formed by PL interpolation on the ordered list of points P 0 , P 1 , . . . , P n is called the control polygon and is a PL approximation of C.
The work presented was partially motivated by development of wireless data gloves. The smooth Bézier representations are manipulated by the gloves, while the illustrative computer graphics are created by PL approximations derived from the control polygon. Topological fidelity between these representations is of interest to provide reliable visual feedback to the user.
Related Work
This article arose from a question posed by a referee from a previous numerical example [22] .
The mathematical objects of study here are Bézier curves. The canonical references [13] (any edition) and [27] focus on approximation and modeling, with less attention to associated topological properties. Relations between a smooth curve and its PL approximation are dominant in computer graphics [14] , but the topological aspects are often ignored. One prominent property is that any Bézier curve is contained in the convex hull of its control points [13] , while recent enhancements have been shown [26] , where the containing set is a subset of the convex hull.
The push receives prominent attention by R. H. Bing [8] as a fundamental tool in developing ambient isotopies in 2 . The perturbation in this article is the trivial extension of a push to 3 .
The preservation of topological characteristics in geometric modeling and graphics has become of contemporary interest [4, 5, 6, 10, 12, 16, 19, 21] . Sufficient conditions for a homeomorphism between a Bézier curve and its control polygon have been studied [25] , while topological differences have also been shown [9, 22, 27] .
Topological aspects are relevant in 'molecular movies' [23] . Sufficient conditions were established for preservation of knot type [17] during dynamic visualization of ongoing molecular simulations [29] . Interest by bio-chemists in using hand gestures to interactively manipulate these complex molecular images prompts related topological considerations for data gloves [1, 2, 3] .
The beautiful visual studies of knot symmetry [28] provided an example of the 7 4 knot that was helpful in the initial visual studies performed to create the example presented here.
Exact computation has some advantages over floating point arithmetic [11, 18] , particularly regarding loss of precision in finite bit strings, with alternative views expressed [15] . Some ad hoc techniques are often invoked to provide adequate bit length for full precision relative to a particular computation, as has been done here.
Exact Computation for Subdivision
The de Casteljau algorithm [13] is a subdivision method for Bézier curves. The algorithm recursively generates control polygons that more closely approximate the curve [13] under Hausdorff distance [24] . Figure 2 shows the first step of the de Casteljau algorithm with an input value of 1 2 on a cubic Bézier curve. The initial control polygon P is used as input to generate local PL approximations, P 1 and P 2 , as Figure 2 (b) shows. The result is to subdivide the original curve into two subsets, with the new control polygons, P 1 and P 2 , respectively. Figure 2(a) has the initial control polygon P as the three outer edges. The next step of this subdivision produces 4 edges by selecting the midpoint of each edge of P and connecting these midpoints, producing 4 edges closer to the Bézier curve in Figure 2 (a). Recursion continues until a tangent to the Bézier curve [13] is created. The union of the edges from the final step then forms two new PL curves, as shown in Figure 2 (a). Termination is guaranteed over finitely many edges.
For i iterations, the subdivision process has generated 2 i PL sub-curves, each being a control polygon for part of the original curve [13] , which is a sub-control polygon 2 , denoted by P k for k = 1, 2, 3, . . . , 2 i . For a curve initially defined by n + 1 control points, each P k has n + 1 points and their union k P k forms a new PL curve that converges in Hausdorff distance to the original Bézier curve. The Bézier curve defined by k P k is exactly the same as the original Bézier curve [20] .
Remark 5.1. A Bézier curve is contained within the convex hull of its control points [13] .
Remark 5.1 also applies to each sub-control polygon, as will be extensively used.
The stick knots of Section 2 are refined via the DeCasteljau subdivision algorithm. Each refinement stage in the DeCasteljau algorithm uses a series of averages for the vertices of the form (a+b)
2 . In order to retain integer valued vertices throughout all computed subdivisions, the vertices will be scaled by 2 m , for an appropriately chosen m. The existence of self-intersections in the Bézier curves is preserved under scaling. Each subdivision iteration has one division by 2 for each degree d. In our examples, we invoke levels of subdivision, so that m = * (d + 1) + 1.
Ambient Isotopy Between Stick Knots
The two curves, K 0 and K 1 will be shown to be the unknot.
Lemma 6.1. The curve K 0 is the unknot.
Proof: The necessary demonstration that K 0 is simple is elementary over the six edges. Establishing that no consecutive edges are collinear is by comparing slopes of projections into the XY -plane. The non-consecutive pairs of edges have separating hyperplanes. Lemma 6.2. The curves K 0 and K 1 are ambient isotopic.
Proof:
The single perturbation to create K 1 is similar to a push [8] and incurs no self-intersections with other segments. It is easily extended to an ambient isotopy having compact support.
Corollary 6.1. The curve K 1 is the unknot.
Subdivision Analysis
The points from the 4th iteration of the DeCastlejau algorithm, using a subdivision value of 1/2 are listed in Appendix A. These can be verified simply by executing the algorithm on the initial data for K 0 and K 1 , with the provision that the implementation relies upon exact arithmetic.
It was observed that each sub-control polygon in Appendix A had the property that its control points were strictly monotone in one of its coordinate values. This is annotated in the appendix by abbreviations noting the co-ordinates in which strict monotonicity was observed. In some cases, this occurs for all three co-ordinates. This observation greatly facilitated proof techniques used.
Let K 0,4 denote the PL curve formed from the 4th subdivision on K 0 and similarly denote K 1,4 for K 1 . Within each of K 0,4 and K 1,4 , there are 16 sub-control polygons. The rest of the paper proceeds by showing that K 0,4 is the unknot and is ambient isotopic to β 0 and that K 1,4 is the unknot and is ambient isotopic to β 1 . As the convex hulls of the sub-control polygons become central, their images are shown in Figure 3 . The derivative of a Bézier curve C is expressed as
Lemma 7.2. Each of β 0 and β 1 are strictly monotonic in the same co-ordinate as their corresponding control polygons and are simple.
Proof: The strict monotonicity in some co-ordinate for each sub-control polygon implies that the partial derivative in the x, y or z variable will be positive, implying simplicity for that segment of the Bézier curve. Since each Bézier segment is contained in the convex hull of its sub-control polygon and since those convex hulls are pairwise disjoint, the simplicity follows.
Corollary 7.1. If a control polygon is strictly monotonic in some co-ordinate, then its associated Bézier curve is also.
Subdivision need not preserve knot type, so we establish the knot types for K 0,4 and K 1,4 .
Lemma 7.3. The curve K 0,4 is the unknot.
Proof: The projection onto the XY -plane of K 0.4 , has three pairs of crossings, as again, can be verified by exact computation with some co-ordinate values being represented exactly as rational numbers. For the z co-ordinates, a bounding integer value is given to these exact rational representations, for ease of comparison in determining the crossings relative to the XY -plane: The two consecutive overcrossings permit conclusion of the unknot.
Lemma 7.4. The curve K 1,4 is the trefoil.
Proof:
The projection onto the Y Z-plane of K These three pairs of alternating crossings permit conclusion of the trefoil.
Ambient Isotopy for Bézier Curves
We show that β 0 is ambient isotopic to K 0,4 and that β 1 is ambient isotopic to K 1,4 . Both proofs proceed by showing that each sub-control polygon is ambient isotopic to its associated Bézier curve. We show this for one sub-control polygon, as representative. Let K 0,4,i be one such control polygon and let β 0,i be its corresponding Bézier curve segment.
Theorem 8.1. Each K 0,4,i is ambient isotopic to its corresponding Bézier curve, denoted as β 0,i .
Proof: Without loss of generality assume K 0,4,i is strictly monotonic in its x co-ordinate, which implies that β 0,i is also strictly monotonic in its x co-ordinate by Corollary 7.1. For each p ∈ K 0,4,i , let Π p be the plane at p that is parallel to the Y Z-plane. By the indicated strict monotonicity, Π p ∩K 0,4,i = {p}, a unique point. Similarly, by the same strict monotonicity on β 0,i , the intersection Π p ∩β 0,i has at most one point, and the connectivity of β 0,i (as the continuous image of a connected subset of [0, 1]) implies that this intersection is non-empty. For each p ∈ K 0,4,i , let q p = Π p ∩ β 0,i . To construct the ambient isotopy, consider the line segment between each p and q p . These line segments will not intersect, due to the strict monotonicity. The remaining details to construct an ambient isotopy of compact support are standard and left to the reader.
Corollary 8.1. The Bézier curve β 0 is ambient isotopic to its control polygon K 0,4 , the unknot.
Proof: The existence of an ambient isotopy within each convex hull of K 0,4,i , the lack of intersection between convex hulls K 0,4,i and K 0,4,j for i = j (except at the end points when j = i + 1, where those end points remain fixed) and composition of the ambient isotopies on each sub-control polygon conclude this proof. 
More Aggressive Enclosures
In the spirit of optimal enclosures for splines [26] , a modification is shown to the already presented proof of isotopy for the Bézier trefoil at the 4th subdivision. The benefit is an explicit construction of an isotopy of the trefoil at the 3rd subdivision. The modification presented is, admittedly, ad hoc for the given data, but suggests the possibility of using the broader generalizations [26] .
In the construction for the 4th subdivision, it was shown that the convex hulls generated were pairwise disjoint, except, possibly, at a single control point. For the 3rd subdivision, this property failed only for one pair of convex hulls, which did not have any shared control points. It was possible to modify one of these convex hulls to a more aggressive enclosure to be disjoint from the other convex hull. An outline of the modification follows.
The convex hull chosen for modification is determined by the control polygon K 1,3,7 , as listed in the Appendix. Let Two half-spaces will be constructed, with their definitions being interdependent. First, consider the line L defined by c(1/2) and p L . A closed half-space H L will be chosen to contain L . There are uncountably many normals to L , but the vector (1, 68748075/151430805, 0) is selected to define the separating plane for H L , with this plane denoted by Π L . Let H L denote the closed half-space of all points with non-negative evaluation according to the planar equation defining Π L . Similarly, let H R be determined by the line containing c(1/2) and p R , with a normal chosen as (10, −57032750/60642987, 0) and an associated separating plane denoted by Π L . The two normals were chosen by numerical experiments to define the set E by
Claim 9.0.1. The set K 1,3,7 is contained in E.
Claim 9.0.2. The set E is disjoint from all the convex hulls for K 1,3,i , i = 0, . . . , 6, except at the end points p L and p R .
The geometric calculations necessary to verify the two claims are elementary.
The well-known variation diminishing property [20] is fundamental for Bézier curves, where the monograph [13] serves as a convenient reference.
Theorem 9.1. Variation Diminishing Property for Bézier Curves: A Bézier curve B has no more intersections with any plane than occurs between that plane and the control polygon of B Lemma 9.1. The curve c is contained within E.
Proof: The set Π L ∩ K 1,3,7 has cardinality two, as can be shown directly. Similarly, the set Π R ∩ K 1,3,7 has cardinality two. Invoking Theorem 9.1, yields
It can easily be shown that c(1/4) and c(3/4) both lie within E and are not equal to each other or to any of the points p 0 , c(1/2), or p 1 . Connectivity of c suffices to conclude the proof.
Corollary 9.1. The control polygon for the 3rd subdivision is ambient isotopic to the trefoil.
Proof: For the 3rd subdivision, the coordinate monotonicity property prevails. The containment of c within E and the disjoint properties shown relative to E and the other convex hulls are sufficient to lead to minor modifications of the proof of Corollay 8.1 to construct a similar isotopy for this 3rd subdivision.
Remark 9.1. Corollary 9.1 permits the explicit construction of an isotopy. However, once it is known that β 1 is the trefoil, it can be shown by direct calculations that each of control polygons K 1,1 and K1, 2 are also the trefoil, implying the existence of ambient isotopies with β 1 , but that method does not specifically construct the isotopies.
Conclusion and Future Work
An example is shown of a closed Bézier curve and its control polygon which are both the unknot. A perturbation of one vertex is shown to cause the perturbed Bézier curve to be the trefoil, while its control polygon remains the unknot. This transition demonstrates that there must have been an intermediate state where a self-intersection occurred in the transforming Bézier curves. These topological differences between the mathematical representation and its PL approximation are of interest in computer graphics and animation. Visual evidence previously existed, but the only supportive mathematics relied on floating point arithmetic which left open the question of whether an intermediate intersection could be rigorously proven. The formal proof presented relies on the implementation of exact, integer computations to resolve that open question.
Comparisons between the exact techniques and certifiable numeric methods merit further consideration, as it may often be of interest to specify a neighborhood in which a self-intersection is known to exist. The present example was quite carefully constructed to show the self-intersection and robust numerical methods are likely to have broader scope for applications.
A Subdivision Data
The following two tables list the vertices for both the original and perturbed control polygons, each after 4 subdivisions.
The strict monotonicity of specific coordinates is indicated for each subdivided control polygon.
In Table I for subdivision of K 0 the sixteen control polygons are denoted by P[0], . . . , P [15] and all consecutive control polygons are separated by half-planes. Between P[0] and P[1] the separating plane is the XZ plane at the y-value of the last point of P[0]. Between P [1] and P [2] the separating plane is the XZ plane at the y-value of the last point of P [1] . For all others, it is a Y Z plane at the x value of the shared subdivision point.
In Table II . Between Q [14] and Q [15] the separating plane is the XZ plane at the y-value of the last point of P [14] . For all others, it is a Y Z plane at the x value of the shared subdivision point.
A notational change for points occurs in Appendix A. In preceding narrative, points are denoted by parentheses in the format of (x, y, z). Within Appendix A, points are bounded by the set brackets in the format of {x, y, z}, as the required syntax within Mathematica, where many of the computations were performed. For integrity of the data, it was judged best to report the points using this alternative formatting.
The code used and its output will be posted for public access, with a permanent site being determined. 
